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Abstract

The objective of this bachelor thesis is to investigate the virialization of dark matter halos
in the large scale structure of the universe and how it depends on the mass and age of a
given halo. Virialization is a dissipative effect that converts the kinetic energy of collapse
into random motions. The investigation is done through an N-body simulation using
the cosmological simulation code Gadget 2 combined with the halo identifying code
AMIGA. First, an introduction to the matter that constitutes the structure of the universe
followed by a review of the theory of structure formation. Then a part about the use
of simulation codes and a very brief introduction to the two codes used in this project.
Finally a presentation of results obtained by analyzing the properties of identified halos
at different redshift in the simulation.
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1

The early universe
This chapter is a brief history of the universe from the very early times to present
day. The objective is to introduce the different epochs of the universe making it easier
to understand how the universe has evolved from big bang to the epoch of structure
formation. This evolution is shown in Figure 1.1 on the following page and will be
elaborated in the paragraphs below.
Shortly after Big Bang there was an inflationary epoch. This epoch started when
the universe was around 10−35 seconds old. During inflation the universe expanded
exponentially. The inflation of the universe caused what is today being observed as
anisotropies in the Cosmic Microwave Background Radiation (CMBR).
When inflation stops the universe goes into an epoch that is dominated by radiation. In
this epoch all the fundamental particles such as quarks, hadrons and leptons are formed.
Most of the hadrons and leptons annihilate with their antiparticles leaving the universe
dominated by photons. After a while the temperature of the universe lowers enough for
the nucleosynthesis to start: protons and neutrons fuse to form Deuterium and Helium.
At some point the density of matter exceeds that of radiation and the universe goes into
the matter dominated epoch. Here the Jeans length falls and the density perturbations
caused by the prior inflation can begin to grow. This starts the formation of stars, galaxies
and the large scale structure. In the matter dominated era the temperature of the universe
has now dropped sufficiently for the hydrogen and helium atoms to capture the free
electrons in the universe. This recombination happened very quickly and lead to a great
emission of photons. After this recombination almost all protons in the universe was
bound in neutral atoms. Therefore the mean free path of the emitted photons became
approximately infinite and the photons could travel freely in the universe. The emitted
photons from recombination are the ones we observe today as the CMBR.
At present day the most plausible model describing the universe is referred to as
the Benchmark Model. In this model the universe is flat demanding the contributions
to the density parameter to add to unity. Recent observations done with the Wilkinson Microwave Anisotropy Probe [1] reveals the present contributions to the density
1

1. The early universe
parameter
Ωr,0 ≈ 0
Ωm, 0 = 0.273 (±0.0016
ΩΛ,0 = 0.728 (+0.015, −0.016)
where r, m and Λ are radiation, matter and dark energy respectively. These contributions
give a flat universe and it is seen that at the present the dark energy is dominant.
The age of the universe has recently been estimated to 13.75 ± 0.11Gyr [1]. It was done
using observations over seven years from the WMAP combined with measurements of
the Hubble constant and measurements of Baryon Acoustic Oscillations (BAO).
The image on the front page is from the 2dF Galaxy Redshift Survey [2]. The survey took
place between 1997 and 2002 and measured the redshifts of about 250.000 galaxies. The
primary results of the survey was to measure the density parameter of nonrelativistic
matter and detect BAOs. The image shows the distribution of galaxies in the local part
of the universe. The filaments and voids of the large scale structure are easily recognised.
The creation of these elements will be elaborated in Chapter 3.

Figure 1.1: The history of the universe in both time and temperature scales [3].
2
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What is the matter?
As already mentioned, this project explores the structure on the largest scale in the
universe. Since we are able to observe some kind of structure it is obvious that there has
to be some kind of matter in the universe for this structure to exist. It is important to
understand what kinds of matter the universe consist of and in what quantities in order
to understand both the structure and also effects like the curvature and expansion rate of
the universe.
Before discussing which kinds of matter are present in the universe it is appropriate to
consider how the universe actually looks.
The most obvious kind of matter is of course the baryonic matter, which we constantly
observe just by opening our eyes. From accurate measurements of fluctuations in the
cosmic microwave background we are able to specify the composition of the universe.
Data from the WMAP tells us that baryonic matter only contributes 4.6% [1] of the total
energy density of the universe. The remaining 95% of the energy density consists of
mainly dark energy and also dark matter. The latter being introduced in the following.
Today there is strong evidence for nonbaryonic dark matter in the universe. To
understand what dark matter really is we first need to consider the Boltzmann equation.

2.1

Boltzmann equation

At very early times in the universe it was very hot and dense. This meant a higher
frequency of interactions among the present particles. Today on the other hand the
universe is both cold and diluted. At the hot and dense conditions of the early universe
the mean free path of a particle and thereby the frequency of interactions particles
in between was incredibly high. This kept the constituents of the early universe in
equilibrium. What is important is the time where the interactions between the particles
are no longer sufficient to keep the equilibrium. These moments determine which
particles are going to be present in the continuous development of the universe.
We look at a reversible interaction where the particles 1 and 2 annihilates and produces
particles 3 and 4. Each particle from its own species:
1 + 2 ↔ 3 + 4.
3

2.1. Boltzmann equation
If we want to describe the rate of change of the abundance of particle 1 we use the
Boltzmann equation. This equation states that the rate of change of the abundance of a
particle is the difference between the rates for producing and eliminating the particular
species of particles. The Boltzmann equation for the reaction above in an expanding
universe is
a −3

d (1 a )3
=
dt

Z

d3 p1
(2π )3 2E1

d3 p2
(2π )3 2E2

Z

Z

d3 p3
(2π )3 2E3

Z

d3 p4
(2π )3 2E4

× (2π )4 δ3 ( p1 + p2 − p3 − p4 )δ( E1 + E2 − E3 − E4 )|M|2
× { f 3 f 4 [1 ± f 1 ][1 ± f 2 ] − f 1 f 2 [1 ± f 3 ][1 ± f 4 ]}

(2.1)

This is a very advanced differential equation. If we want to put it to use we introduce
some approximations. Before we go there let us just shortly describe the components of
the equation above. Note that this equation relies on the assumption of reversibility.
On the left hand side we see that the density times the scale factor cubed is conserved,
which is caused by the fact that the physical number density decreases with a factor of
a−3 as the universe expands.
The right hand side describes the interactions between the particles. Looking at the
last line of the equation the 1 ± f terms represents Bose enhancement and Pauli blocking
respectively. Aside from these we see that the production of species 1 is proportional to
f 3 and f 4 and the loss of species 1 is proportional to f 1 and f 2 .
The amplitude M is dependant on the type of particles in the reaction. If it was
Compton scattering it would be proportional to the fine structure constant.
Now we introduce some approximations to the Boltzmann equation that will make it
easier to utilize later on.
First we look at the last line of the Boltzmann equation. We will be working at
temperatures lower than E − µ. This leads to a large exponential in the denominator of
either a Bose-Einstein or Fermi-Dirac distribution. Therefore we can neglect the ±1 in
the denominator. The distribution function then simplifies to
f ( E) → eµ/T e−E/T .
With this simplification and the neglecting of the Pauli blocking and the Bose enhancement the last line of the Boltzmann equation simplifies to
n
o
e−(E1 +E2 )/T e(µ3 +µ4 )/T − e(µ1 +µ2 )/T .
Instead of solving for the chemical equilibrium we will use the number densities of the
different species. The chemical equilibrium, µi , of species i is related to the number
density, ni of the same species via the relation
ni = gi e /T
µi

Z

d3 p −Ei /T
e
(2π )3

(2.2)

where the gi is the degeneracy of the species. The equilibrium number density dependent
on the species is
 

Z
 g mi T 3/2 m >> T
3p
d
(0)
i wπ
i
ni ≡
e−Ei /T =
.
(2.3)
 g T3
(2π )3
m << T
i π2
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2.2. Dark matter
(0)

With the two above definitions it is obvious that eµi /T can be written as ni /Ni . This
leads to a further simplification of Equation 2.2 on the preceding page
(
)
n
n
n
n
3 4
2
e−(E1 +E2 )/T
− (01) (0) .
(2.4)
(0) (0)
n3 n4
n1 n2
Now the Boltzmann equation has been simplified greatly. We just need to introduce one
last definition. We use the following definition of the thermally averaged cross section

hσvi =

1

Z

(0) (0)

n1 n2

d3 p1
(2π )3 2E1

Z

d3 p2
(2π )3 2E2

Z

d3 p3
(2π )3 2E3

Z

d3 p4
e−(E1 +E2 )/T
(2π )3 2E4

× (2π )4 δ3 ( p1 + p2 − p3 − p4 )δ( E1 + E2 − E3 − E4 )|M|2 .

(2.5)

Finally we now use Equation 2.4 and Equation 2.5 to simplify Equation 2.1 on the facing
page and ending up with the simplified version of the Boltzmann equation
(
)
3
n3 n4
n1 n2
(0) (0)
−3 d ( n 1 a )
= n1 n2 hσvi
− (0) (0) .
a
(2.6)
(0) (0)
dt
n n
n n
3

4

1

2

This equation will be used to describe dark matter in the following section. Note that
equality can only be maintained if the terms on the right side cancel, that is
n3 n4
(0) (0)
n3 n4

=

n1 n2
(0) (0)
n1 n2

(2.7)

which goes by the name chemical equilibrium.

2.2

Dark matter

As mentioned earlier there is today a strong evidence for the presence of nonbaryonic
dark matter in the universe. Today one of the plausible candidates is weakly interacting
massive particles (WIMPs), which would have been in contact with the hot and dense
plasma in the very early universe. At some point as the temperature lowered the WIMPs
must have experienced a freeze-out that let them survive. A freeze-out is the inability of
annihilation processes to keep a particle in equilibrium.
The purpose of this section is to solve the Boltzmann equation for this kind of particle
which is a candidate of dark matter. Solving the Boltzmann equation will enable a
determination of both the time of the freeze-out and the abundance of the particle.
Today there is evidence that there exist dark matter in the universe with energy density
Ωdm ' 0.3. Setting the abundance of the dark matter so that Ωdm ' 0.3 we will be able
to learn something about the species of particle that constitutes dark matter, which will
come in handy when trying to detect dark matter.
We now look at creation of dark matter from a generic perspective. In this case two
heavy particles X are able to annihilate creating two light particles l. The light particles
(0)
are assumed to be in equilibrium with the cosmic plasma, nl = nl . We plug these
informations into the Boltzmann equation Equation 2.6 to solve for the abundance of the
heavy particle n X



3
(0) 2
−3 d ( n X a )
2
a
= hσvi
nX
− nX .
(2.8)
dt
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2.2. Dark matter
We define the variable
Y=

nX
.
T3

(2.9)

We change the variable in Equation 2.8 on the preceding page to Y using this definition.
First we multiply and divide the factor inside the parenthesis on the left hand side with
T 3 . With the definition of the variable Y and the fact that the temperature scales as a−1 ,
the differential equation for Y is
 2
dY
= T 3 hσvi YEQ
− Y2 ,
dt

(2.10)

(0)

where YEQ ≡ n X /T. Introducing a new time variable
x≡

m
T

(2.11)

where m is the mass of the heavy particle, will set a rough scale for the temperature
in the region of interest. If we want to change from t to x we have to use the Jacobian
dx/dx = H (m)/x. Changing variables gives
dY
λ 
2
= − 2 Y2 − YEQ
,
dx
x

(2.12)

where λ is the ration of the annihilation rate to the expansion rate defined as
λ≡

m3 hσvi
.
H (m)

(2.13)

There is no analytically solution to Equation 2.12 but some simple analytical approximations gives an order-of-magnitude estimate. At late times Y will be much larger than
YEQ and this gives
λY 2
dY
'− 2 .
dx
x

(2.14)

We integrate this from the epoch of freeze-out x f until very late times x = ∞ and get
1
λ
1
= .
−
Y∞ Yf
xf

(2.15)

At freeze-out Yf is much larger than Y∞ so a simple approximation for the freeze-out
abundance is
xf
Y∞ '
.
(2.16)
λ
Now we just need to determine the present-day energy density of the heavy particle to
determine the expected present-day abundance. After freeze-out the abundance of the
heavy particle falls of as a−3 . So the energy density today is m( a1 /a0 )3 times the number
density where a1 corresponds to a time where Y has reached the asymptotic value Y∞ .
The number density at that time is Y∞ T13 so the energy density of the heavy particle
today is


mY∞ T03
a1 T1 3
3
ρ X = mY∞ T0
'
.
(2.17)
a0 T0
30
6

2.2. Dark matter
Now we find the fraction of the critical density contributed by X today by inserting the
expression for Y∞ Equation 2.16 on the facing page and dividing by the critical density
ρcr
ΩX =

x f mT03
.
λ 30ρcr

(2.18)

Computing the Hubble rate that lies within the λ-parameter at the time when the
temperature was equal to the mass of the heavy particle lands us at the final expression
for the present density of the heavy particles X, that are candidates of dark matter
Ω X = 0.3h

−2



xf
10



g∗ ( m )
100

1/2

10−39 cm2
.
hσvi

(2.19)

where g∗ is a function of temperature that contains relativistic degrees of freedom.
Order-of-magnitude estimates of x f and g∗ gives respectively 10 and 100. These
together with the equation above gives an estimate around unity when the cross-section
is of order 10−39 cm2 . Several theories predict the existence of particles with cross-sections
this small making this a good result.
One of the theories that predict particles with this kind of cross-section is the sypersymmetry, which predicts that every known particle must have has a partner with opposite
statistics. If one of the supersymmetric partners constitutes dark matter there are some
requirements to be met. First the particle must be neutral so it neither interacts with any
known particle nor emits photons. Second the particle must be stable. If it decays into
lighter particles the abundance today would be diminished. These requirements restrict
the dark matter to be the partner of a neutral particle such as the Higgs or a photon.
There are two ways of detecting dark matter. The direct way is to detect the process
in which dark matter scatters of nuclei of ordinary matter. This kind of experiment is
being carried out in several underground facilities throughout the world to eliminate
the noise from cosmic rays. Another way to detect the dark matter is through collisions
in an accelerator. Here the dark matter can be indirectly detected as loss of energy and
momentum provided all other products of the collision are measured as well.
When dealing with dark matter there are two cases: hot and cold. This property is
being discussed in Section 3.3.
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Structure formation
In the early smooth Universe, small density inhomogeneities started to form galaxies,
clusters and the empty voids, starting around the time when the Universe became matterdominated. In this chapter the mechanism of structure formation will be described.
Specifically, how to get from small inhomogeneities to large clusters. It will also be
discussed how the formation of structure depends on the matter present be it hot or cold.
This chapter follows the notation of [4].
Before going into the derivation of structure formation there are some concepts that need
to be introduced. The density of baryonic and non-baryonic matter is denoted ρ(x) In
stead of using the density directly I will use the dimensionless socalled overdensity
δ (x) ≡

ρ (x)
− 1,
ρ0

(3.1)

where ρ0 denotes the average matter density over a volume that is sufficiently large for
the universe to be considered homogeneous. In the regime of linear structure formation
the overdensity is |δ|  1. Furthermore it is assumed that x is a comoving coordinate
that evolves with the scale factor a(t) so that the physical distance corresponding to the
comoving distance is a(t) x.
We do not know the value of δ(x) in the early universe. Therefore we set it to be a
random variable and we say that the function δ defines a random field. This implies
that we now work with a statistical homogeneous universe instead of a homogeneous
universe, which means that the statistical properties of ρ(x) in a volume V is independent
of the volumes centroid.
If the function δ is to be continuous the values it takes at two nearby points must
be correlated. In a physical perspective it only makes sense for the density field to be
continuous. We now look at two nearby points x0 and x0 + x. The degree to which these
depend on each other is quantified by the correlation function
ξ (x) ≡ hδ(x’)δ(x’ + x)i .

(3.2)

The assumption of statistical homogeneity allows us to interpret the above expectation
value as an average of all points x’. If the universe is also statistical isotropic the
9
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correlation function cannot depend on the direction of the displacement x, but only on
the magnitude x = |x|. The correlation function is therefore on the form
ξ ( x ) ≡ hδ(x’)δ(x’ + x)i .

(3.3)

We restrict the averages to a large but finite volume V with side lengths V 1/3 and periodic
boundary conditions. When the volume is periodic so is the overdensity. This can now
be expanded as a Fourier series
δ (x) =

1
V

∑ δk eik·x

where

δk =

k

Z
V

d3 xδ(x)e−ik·x .

(3.4)

The vector k is defined as k = 2πn with n = (n1 , n2 , n3 ). When inserting Equation 3.4
into the definition of the correlation equation in Equation 3.3 we get
ξ (x) =

1
V2

0

∑0 hδk’ δk iei(k +k)x eik·x .
0

(3.5)

kk

Earlier we assumed that the universe is statistically isotropic. This tells us that the right
hand side in the above equation cannot depend on x’. Leading to

hδk’ δk i = 0 if k’ 6= k.

(3.6)

With this Equation 3.5 now simplifies to
ξ (x) =

1
V

1

∑hδ-k δk ieik·x = ∑h|δk |2 ieik·x ≡ V ∑ P(k)eik·x ,
k

k

(3.7)

k

where P is the power spectrum of a random field defined as
P≡

h|δk |2 i
.
V

(3.8)

This equation states that the power spectrum is the Fourier transform of the correlation
function. Since the universe is assumed to be isotropic the power spectrum can only
depend on k = |k|.

3.1

Linear structure formation

At early times |δ(x)|  1 so we are in the linear regime and therefor we can derive linear
equations for the evolution of overdensities. Assuming that the cosmic material behaves
like a fluid gives two interesting cases to investigate: is the fluid relativistic or not? We
start with a non-relativistic fluid.
Let V be a fixed volume in comoving coordinates. ρ is the density of the nonrelativistic
fluid. The mass inside the volume V is
M = a3

Z
V

d3 xρ

(3.9)

In comoving coordinates the distance between two points in space is x at all points in
time. The physical distance changes over time and is ax. With these definitions the
velocity of a body in comoving coordinates is v = ẋ. The physical velocity is then
v≡

dx
d
= ax = ȧx + av.
dt
dt
10

(3.10)

3.1. Linear structure formation

H
The rate at which mass floats out of V is a2 V dt S · ( av)ρ where a2 d2 S is the vector which
magnitude is the area of an element of the surface of V and direction is the outward
normal to the surface of V. Putting this together with Equation 3.9 on the facing page
gives us the following version of the continuity equation
∂ 3
( a ρ) + a3 ∇ · (ρv) = 0.
∂t

(3.11)

Expanding the time derivative on the left hand side and replacing ȧ/a with the Hubble
parameter the continuity equation in comoving coordinates is
∂ρ
+ 3Hρ + ∇ · (ρv) = 0.
∂t

(3.12)

We linearize the continuity equation around the point where v = 0 and the density is
independent on x. The subscripts 0 and 1 denote an undisturbed flow and a perturbed
flow respectively
∂ρ0
+ 3Hρ0 = 0
∂t

;

∂ρ1
+ 3Hρ1 + ρ0 ∇ · v = 0.
∂t

(3.13)

It is evident that the first of these equations imply that ρ0 ∝ a−3 . Dividing the other
equation by ρ0 (t) gives
∂δ ∂ ln ρ0
+
δ + 3Hδ + ∇ · v
∂t
∂t
∂δ
=
+∇·v
∂t

0=

(3.14)
(3.15)

where the step to the last equal sign uses implication of the first equation in ( 3.13).
Let us now consider the Euler equation in comoving coordinates for a particle in this
nonrelativistic fluid


∂v
ȧ
1 1
+ (v · ∇)v + 2HV + x = − 2
∇ p + ∇Φ .
(3.16)
∂t
a
a
ρ
Linearizing this in the same way as in Equation 3.12 gives us


1
1
∂v
+ 2Hv = − 2
∇ p1 + ∇ Φ1 .
äax = −∇Φ0 ;
∂t
a
ρ0

(3.17)

In the first of the equations ∇Φ0 = − GMx/( a2 x3 ), where M is the gravitational mass
inside a sphere of radius x.
The vorticity of a fluid is the amount of rotation of elements in a fluid. It is defined as
ω ≡ ∇ × v. By taking the curl of the second equation we get
∂ω
= −2Hω.
∂t

(3.18)

This result shows that any vorticity initially present in the fluid will vanish over time.
This gives us the ability to assume a zero presence of vorticity ω = 0. This assumption
implies that the curl in the last part of Equation 3.17 vanishes. A vector field that has
11
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no curl can be written as the gradient of a scalar field. We use the definition v = ∇ψ to
eliminate v in Equation 3.17 on the preceding page



1 p1
∂ψ
+ 2Hψ + 2
∇
+ Φ1
= 0.
(3.19)
∂t
a
p0
The expression inside the brackets only depends on t and therefore we can remove the
gradient


1 p1
∂ψ
+ 2Hψ + 2
+ Φ1 = 0.
(3.20)
∂t
a
p0
Taking the Fourier transform of Equation 3.13 on the previous page gives ∂δk /∂t = k2 ψk .
Taking the Fourier transform of Equation 3.20 and eliminating ψk between these two
equations we get
∂δk
k2
∂2 δk
+
2H
+
∂t2
∂t
a2



p1k
+ Φ1k
ρ0



= 0.

(3.21)

Inflationary theories predict that the cosmic fluid is on the same adiabat, so p1k = v2s ρ0 δk ,
where vs is is the sound speed defined as
 
dp
2
vs ≡
(3.22)
dρ ρ0
Poisson’s equation a−2 ∇2 Φ1 = 4πGρ1 links Φ1 to the perturbed density. We take the
Fourier transform of Poisson’s equation which eliminates Φ1k in Equation 3.21 and use
the relationship between p1k and δk as described just above to finally get
∂δ
∂2 δk
+ 2H k +
2
∂t
∂t




k2 2
v − 4πGρ0 δk = 0.
a2 s

(3.23)

Here ρ0 is the undisturbed value of the density of the nonrelativistic fluid. The disturbed
value of the density is measured by δ1k also known as the overdensity.
In the epoch of matter domination in which most of the structure is formed we have
H=

2
3t

4πGρ0 =

and

2
.
3t2

(3.24)

In this case the solutions to Equation 3.23 are linear combinations of
δveck ∝ t2/3

and

δk ∝ t−1 .

(3.25)

In the current and future epoch that is dominated by dark energy we have that H is a
constant and
4πGρ0 =

3 2
H Ωm
2

(3.26)

will fast become negligible. Equation 3.23 can then be approximated by
∂δ
∂2 δk
+ 2H k = 0.
∂t2
∂t
12

(3.27)

3.1. Linear structure formation
The general solution to this equation is δm (t) = α + β exp(−2Ht), where α and β are
some constants. Summarizing, density fluctuations will grow as t3/2 in the matter
dominated epoch. The growth will freeze out when the universe gets dominated by dark
energy at zmΛ ' 0.5.
Let’s now consider a relativistic fluid. Equation 3.23 on the facing page does not hold for
the radiation dominated period because the energy density of radiation does not satisfy
the continuity equation (3.12). This is caused by the fact that the total energy of a body
of radiation decrease with expansion. However the entropy of the photon fluid does
satisfy the continuity equation. The energy and entropy densities of black body radiation
at temperature T scales as T 4 and T 3 respectively. This combined with the continuity
equation gives
∂ρ3/4
+ 3Hρ3/4 + ∇ · (ρ3/4 v) = 0.
∂t

(3.28)

Multiplying through by 34 ρ1/4 gives
∂ρ
4
+ 4Hρ + ρ∇ · v = 0.
∂t
3

(3.29)

We linearize this equation in the same way as we did with Equation 3.12 on page 11 and
get the relativistic analog of Equation 3.15 on page 11
∂δ 4
+ ∇ · v = 0.
∂t
3

(3.30)

Taking the Fourier transform of this equation we get
4
∂δk
= k2 φk .
∂t
3

(3.31)

Before proceeding we have to modify the analysis for nonrelativistic matter in two ways.
First the linearized Euler equation in (3.20) is modified by special relativity to


∂ψ
1
p1
+ 2Hψ + 2
+ Φ1 = 0
(3.32)
∂t
a
ρ0 + p0 /c2
Second the density in Poissons equation must be changed to ρ + 3p/c2 according to
general relativity. We then take the Fourier transform of Equation 3.32, eliminate ψk , p1k
and Φ1k obtaining
 2 2

∂2 δk
∂δk
k c
32
+ 2H
+
− πGρ0 δk = 0.
(3.33)
∂t2
∂t
3a2
3
2
In the radiation dominated epoch we have 2H = 1/t and 32
3 πGρ0 = 1/t . This simplifies
Equation 3.33 to
 2 2

∂2 δk 1 ∂δk
k c
1
+
+
−
δk = 0.
(3.34)
∂t2
t ∂t
3a2
t2

When k/a ≥ 1/ct the first term in the brackets dominate the second. This causes δk
to oscillate. When the wavelength of the oscillations is larger than the horizon we can
13
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neglect the term in the brackets and the solutions to the equation are linear combinations
of the power laws
δk (t) ∝ t

δk (t) ∝ t−1 .

and

(3.35)

These results tell us how fluctuations in the radiation density evolve in the radiation
dominated epoch. In this epoch a small fraction of the total density is contributed by
non relativistic matter in form of baryons and collisionless dark matter. This density is
however to small to affect the evolution of perturbations in the relativistic fluid.
If this linear theory of structure formation was valid all the way to the present the
current matter power spectrum would be proportional to the product of the primordial
power spectrum established by inflation and the square of the transfer function. However
the fact is that the current fluctuations are nonlinear which requires a theoretical model
of nonlinear structure formation.

3.2

Nonlinear structure formation

The density inside galaxies is much larger than the critical density. Therefore the
formation of galaxies involves nonlinear density fluctuations. In this section we will
supplement the theory of linear structure formation as described in the previous section
with an approach to nonlinear structure formation based on some approximate analytical
arguments. We start by considering a spherical collapse which is an idealized model to
introduce some principal concepts.
We start out by assuming that we are in a flat matter dominated universe. Suppose
that at some early initial time ti there is a spherical symmetric density fluctuation such
that the volume averaged overdensity within a sphere of radius ri is δi  1. Outside the
sphere the density is that of an Einstein-de Sitter universe1
ρm (t) =

1
.
6πGt2

(3.36)

Inside the sphere the total mass is
M=

4
π (1 + δi )ρm (ti )ri3
3

(3.37)

The next step is to follow the evolution of material at radius r (t) with the initial radius ri .
The spherical density fluctuation is assumed to be totally isolated in the universe so the
only force causing any acceleration of the material is that of gravity. The gravitational
acceleration is determined only by the amount of mass M inside the sphere. The mass
is assumed to be cold, so there is no flow of mass out of the spere. Therefore the mass
inside the spere is constant. With these assumptions Newtons laws implies
d2 r ( t )
GM
=− 2 .
2
dt
r (t)

(3.38)

This is the equation of motion of a particle launched vertically from the surface of a
spherical body of mass M. We are interested in a density perturbation that eventually
1a

flat, matter dominated universe.
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collapse to form a galaxy so we assume that the particle has too little energy to escape.
The parametrical solution to Equation 3.38 on the preceding page is
r
a3
r = a(1 − cos η )
,
t=
(η − sin η + t0 .
(3.39)
GM
The turnaround at which the density fluctuation starts to collapse happens at η = π. At
this time we get the maximal radius rmax = 2a. We set t0 = 0 by arguing that the radius
r (t) has to be zero at t = 0.
The average overdensity inside r (t) can be found by dividing the average density inside
the sphere
ρs (t) ≡

M

(3.40)

4
3
3 πr ( t )

with the surrounding density from Equation 3.36 on the facing page
δ(t) ≡

ρs (t)
9(η − sin η )2
−1 =
− 1.
ρm (t)
2(1 − cos η )3

(3.41)

For small density contrasts we have η  1 and we can expand Equation 3.41 as a power
series to obtain
δ(t) =

3η 2
+ O(η 4 ).
20

(3.42)

From a similar expansion of the left part of Equation 3.39 we get
a'

2ri
10 ri
'
.
2
3 δi
ηi

(3.43)

We use this to eliminate ri from Equation 3.37 on the preceding page and find that the
turnaround radius is


243 1/3 ( GMt2i )( 1/3
rmax = 2a '
(3.44)
250
δi
and the turnaround time is
r
tmax = π

a3
=π
GM



243
2000

1/2

ti
.
3/2
δi

(3.45)

Thus we see that the larger the initial fluctuation δi the sooner the collapse begins. In this
simplified model the density fluctuation reach a singular density at η = 2π or t = 2tmax .
In practice density fluctuations are neither spherically symmetric nor isolated. The
collapsing dark matter will undergo both phase mixing and violent relaxation during the
collapsing process before they settle into an equilibrium configuration defined as a halo.
The process of collapse, mixing and relaxation of a halo is referred to as virialization.
A halo is said to be virialized when it has reached an equilibrium between the internal
kinetic and potential energy that satisfies the virial theorem
2K + W = 0
15

(3.46)
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Here K is the total potential energy of the halo and W the total kinetic energy of the halo.
The virial radius r200 of a halo is defined to be the radius at which the density of the halo
equals 200 times the critical density. Inside the virial radius the halo is assumed to be in
virial equilibrium in other words the halo is completely virialized and obeys the virial
theorem above. The mass inside the virial radius is usually used as a measure of the
total mass of the halo.
The virial theorem serves as a powerful tool to observationally determine the mass
of galaxies and clusters. It is possible to estimate the kinetic energy of such a system
by measuring the velocity dispersion within. This is done by measuring the Doppler
broadening of the stars in a galaxy. Assuming the galaxy is virialized the gravitational
potential and the total mass of the system can be estimated by the virial theorem. This
assumption of virialized objects is one of the reasons why it is important to investigate
the virialization of halos.

We now move on from the idealized spherical collapse of an overdensity to actual
structure formation. In the theory of linear structure formation the density field is
assumed to be a gaussian field. This gives rise to a symmetry between density fields
that are underdense and those that are overdense. These to kind of fields are statistically
indistinguishable as long as we are in the linear regime. The overdense regions contract
to becoming halos. By the symmetry between the density fields the underdense regions
will expand. This means that an initially underdense region in time will expand to
becoming one of the huge empty voids in the universe. Gravity slows the expansion of
the underdense regions but less than the cosmic expansion. When voids merge sheets of
high density is formed between them. These sheets form filaments of very high density.
As the volume of the underdense regions grows the volume of the overdense regions is
diminished because gravity slows the expansion of dense regions more than the universe
as a whole. This network of filaments is referred to as the cosmic web. This replaces the
simple picture of spherical collapse and we now see that we instead need a model in
which matter falls along sheets into filaments and finally into virialized halos.
A curiosity about structure formation on the large scale is that it is hierarchical. It starts
from the bottom with small particles that collapse to eventually form halos. Later in the
evolution these halos almost behave like the initial particles and collapse to form the
huge dense filaments. In time the cosmic web regenerates on continually larger scales.

We will now develop a quantitative theory for the development of the cosmic web. This
is the extended Press-Schechter theory which among other things describe the expected
number of halos of a given mass per unit volume, known as the mass function. We start
with the statistics of the early universe. We want to know the probability that at any
given stage the root mean square overdensity fluctuation σK2 at a randomly chosen point
x lies in the interval (δ, δ + dδ. This probability is denoted by pK (δ)dδ and is through its
subscript a function of σK2 . Considering a large sample N of locations x the number of
locations where the overdensity has a value in the range of δ, δ + dδ will be N pK (δ)dδ.
As σK increases the overdensity will increase at some points and decrease at other points.
This has the consequence that the sample of locations will diffuse along different values
of δ. This implies that the density of the sample N pK (δ) must satisfy the diffusion
16
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equation with σK2 instead of the time variable
∂pK
∂2 p K
=
C
,
∂δ2
∂σK2

(3.47)

where C
is a diffusion coefficient. We determine this coefficient by noting that σK2 ≡
R
hδ2 i = dδ δ2 pK (δ). We differentiate both sides of this equation with respect to σK2 and
use Equation 3.47 to get
1=C

Z

dδ δ2

∂pK
.
∂δ2

(3.48)

R
We partially integrate this twice. The normalization condition dδ pK = 1 enables us to
evaluate the integral and determine C = 1/2. The solution to Equation 3.47 that satisfies
both the above normalization condition and the boundary value that pK (δ) = 0 at σK2 = 0
for δ 6= 0 is





δ2
1
(δ − 2δc )2
exp − 2 − exp −
pk (δ) =
.
(3.49)
(2πσK2 )1/2
2σK
2σK2
This is the difference between the probability density of particles that are initially at the
origin and particles that are initially at δ = 2δc . This solution gives us the probability
density of particles that are released from the origin and diffuse towards an absorbing
barrier δ = δc where the solution vanishes.
We know move on to derive the halo mass function. We start out by calculating the
probability that at time t a primary halo that contain a given mass element has scale K −1 ,
where K −1 is the radius of the sphere associated with σK2 . This probability is p1 (K, t)dσK2 .
Our solution in Equation 3.49 to the diffusion equation (3.47) enables us to calculate
Rδ
this probability as follows. The probability that δ < δc is −c∞ dδpK . If this integral is
evaluated with pK from Equation 3.49 we get the probability that δ(x) has not reached δc .
Minus the rate of change of this probability is the probability density we are looking for
p1 (K, t) = −

∂
∂σK2

Z δc
−∞

dδpK (δ) = −

1 ∂pK
2 ∂δ

δc

.

(3.50)

−∞

Combining this with Equation 3.49 we get


δc2
δc (ti , t)
exp − 2 .
p1 (K, t) =
2σK
(2π )1/2 σK3

(3.51)

Now let f ( MK , t)dMk be the probability that the largest halo that contains a given mass
element has a mass in the interval ( MK , MK + dMK ). Then f ( MK , t)dMK = p1 (K, t)dσK2
under the restriction that the halo with scale K −1 is not a part of a larger halo. This leads
us to


d ln σK2
δc2
δc /σK
.
(3.52)
f ( MK , t ) =
exp
−
2
d ln MK
(2π )1/2 MK
2σK
At time t there are dn halos per unit volume with masses in the interval ( MK , MK +
dMK ). Then the total mass per unit volume in these halos is M dn and this must equal
ρ0 f ( M, t)dM, so we end up with
dn
d ln M

= ρ0 f ( M, t).
t
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This is the halo mass function. If we return to Equation 3.51 on the previous page we can
derive an equation that is suitable for testing the Press-Schechter theory with N-body
simulations. In a given simulation at time t we let dn be the number density of halos
that have scale K −1 in the interval where the variance of the initial density field changes
by dσK2 . Then the contribution MK dn of these halos to the total mass density ρ0 must me
ρ0 ρ1 (K, t)dσK2 , so


MK
δc /σK
dn
δc2
2
F≡
= σK p1 (K, t) =
exp − 2 .
ρ0 d ln σK2
(2π )1/2
2σK

(3.54)

The right hand side depends only on δc /σK so the extended Press-Schechter theory
predicts that the left hand side should have the same property. The important point
about this result is that the left hand side can be determined just by counting halos.
Now that we have determined the mass function of halos through the Press-Schechter
theory we will deduce the rate at which halos merge. This can also be done from the
Press-Schechter theory in only three steps.
First we consider a mass element that lies within a halo of mass M2 at time t2 . What is
the probability f 1 ( M1 , t1 | M2 , t2 )dM1 that this element belonged to a primary halo with
mass in the range ( M1 , M1 + dM1 ) at time t1 < t2 ? Each mass M j is associated with a
wave number K j and each time t j is associated with a value of the critical overdensity
δj = δc (ti , t j . We can use Equation 3.51 on the preceding page replacing σK2 by σK2 1 − σK2 2
and δc by δ1 − δ2 revealing

(δ1 − δ2 )2
δ1 − δ2
exp
−
f 1 ( M1 , t1 | M2 , t2 )dM1 =
(2π )1/2 (σK2 1 − σK2 2 )3/2
2(σK2 1 − σK2 2 )

!
dσK2 1 ,

(3.55)

for σK2 1 > σK2 2 and δ1 > δ2 .
Now we consider the probability f 2 ( M2 , t2 | M1 , t1 )dM2 that a halo of mass M1 at time t1
has been subsumed in a halo that at time t2 > t1 has a mass in the interval M2 , M2 + dM2 .
Again we associate M j with K j and δj with δj . We now apply Bayes’s theorem
p(y| x ) = p( x |y)

py (y)
p( x |y) py (y)
=R
px (x)
dy0 p( x |y0 ) py (y0 )

(3.56)

to get
f 2 ( M2 , t2 | M1 , t1 ) =

=

f 1 ( M1 , t1 | M2 , t2 ) f ( M2 , t2 )
f ( M1 , t1 )

(3.57)

(δ1 − δ2 )(δ2 /δ1 )(σK1 /σK2 )3 dσK2 2
dM2
(2π )1/2 (σK2 1 − σK2 2 )3/2

(3.58)

δ12
(δ1 − δ2 )2
δc2
× exp −
−
+
2(σK2 1 − σK2 2 ) 2σK2 2
2σK2 1

!
(3.59)

where δK2 1 > δK2 2 , δ1 > δ2 and f ( M, t) the probability that a mass element belongs to a
halo of mass M is given by Equation 3.51 on the previous page.
Lastly we let t2 approach t1 . This is writing t2 = t2 − dt and δ2 = δ1 − dδc . The
probability per unit time that a halo of mass M1 will experience a merger that increases
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its mass to M2 is given by
2
M2
d2 p
dδc dσK2
=
d ln M2 dt
2π )1/2 dt dM2

"

σK2 1 /σK2 2
σK2 1 − σK2 2

#3/2

"

δ2
exp − c
2

1
1
− 2
2
σK2
σK1

!#
.

(3.60)

This is the merger rate of halos and it depends on time only through the critical density.
This rate is for the merging of primary halos. Not subhalos.
We now see why the extended Press-Schechter theory that gives us both the halo mass
equation and the halo merger rate is a very powerful theory for understanding nonlinear
structure formation.

3.3

Hot or cold?

The formation of structure is essentially a problem of knowing the initial conditions.
The necessary data for the initial conditions are the quantity and composition of matter
in the universe and also the nature of the primordial density fluctuations. We know
that the main contributor of mass in the universe is non baryonic dark matter. Now the
remaining question is whether it is the hot or cold kind of dark matter that plays an
important role in the formation of structure.
Hot dark matter consists of highly relativistic particles, hence the name. The most
likely candidate for hot dark matter is the neutrino. If the hot dark matter dominated
the universe the development of structure formation would be the complete opposite of
both the model explained in the previous section and what is observed in the universe.
In a hot dark matter dominated universe the structure would form from the top down.
The structure on the largest scale i.e. the filaments and voids would form at first and
then later on smaller objects as clusters and eventually galaxies and stars. Formation of
galaxies is a problem if hot dark matter is dominating because neutrinos a very weakly
interacting.
Neutrinos are fermions. The number of neutrinos in a given volume is therefore limited
by the Pauli exclusion principle. The total number of neutrinos in an object is given by
the phase space available Nν = p3 r3 , where p is the neutrino momentum and r is the size
of the object. From this it is possible to determine an upper limit to the neutrino mass
Mmax = m4ν σ3 r3 , where σ is the velocity dispersion of the object ( GMmax ). If neutrinos
are the dominant mass component in a gravitationally bound object we can turn this
around and estimate a lower limit for the neutrino mass

−1/4 

σ
r −1/2
mν & 120
eV.
(3.61)
kpc
100kms−1
The lower limit for the neutrino mass in a galaxy like our own with r & 10kpc and
σ ' 220kms−1 is mν & 30eV. In 2010 the combined mass of the three neutrino flavors
was measured to be less than 0.28eV in the 3-D MegaZ experiment [5]. This renders the
theory of a hot dark matter dominated universe inconsistent favouring a model in which
the dark matter is cold.
The use of N-body simulations is a very powerful tool to test the theory of structure
formation, the halo mass function and the merger function all reviewed in this chapter.
The use of N-body simulations will be elaborated in the following chapter.
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N-body simulations
The use of N-body simulations have gotten increasingly important in the study of the
large scale structure in the universe. In this chapter we will see which results can be
obtained by the use of N-body simulations.
Every day the processing power of our computers increases and as a result of that
we are able to simulate an increasing number of particles in increasing volumes. One
important thing we must always remember when dealing with these kind of simulations
is that the accuracy of our results are always limited by the degree of resolution e.g.
the mass of an individual particle in the simulation and also the particle density and
softening length.

4.1

Halo mass function

In the previous chapter we found the halo mass function to be
dn
d ln M

= ρ0 f ( M, t).

(4.1)

t

From this we ended up with the following prediction from the extended Press-Schechter
theory


dn
σc /σK
δc2
MK
=
.
(4.2)
exp −
F≡
ρ0 d ln σK2
2σK
(2π )1/2
This theory has been plotted together with simulations at different redshifts in Figure 4.1
on the following page. The overlap of the curves at different redshifts is just as predicted
from the extended Press-Schechter theory. However it is clear that the form of F predicted
by this theory is not consistent with the results of the simulations.
If instead of using the extended Press-Schechter theory one generalizes the sphericalcollapse to the case of ellipsoidal bodies one obtains the following slightly different form
of F as in [6]
"
F (σ̃K2 )

= 0.322 1 +



σ̃K
δ1

0.3 #
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δ12
δ1 /σ̃K
exp − 2 .
(2π )1/2
2σ̃K

(4.3)

4.2. Radial density profiles

(a)

(b)

Figure 4.1: (a) Two functions (PS and SMT) for the form of F plotted together with mass
functions of dark matter halos from simulations at different redshifts. (b) Concentration
of halos of different masses at four redshifts. Both from [4].

In part (a) of Figure 4.1 the above theories are plotted together with results from n-body
simulations at different redshifts. Equation 4.2 on the preceding page and Equation 4.3
on the previous page are marked as PS and SMT respectively in the figure. Here it is
obvious that the SMT theory is in much better agreement with the simulations. This is a
prime example of the usefulness of n-body simulations in testing cosmological theories.

4.2

Radial density profiles

Measurements of gravitational lensing of background galaxies suggest that in galaxy
clusters the dark matter density profile can be approximated with a power law
ρ ∝ r −α

, α ≈ 1.

(4.4)

There is a debate about whether this holds for much smaller halos. The density profile
of a halo depends on whether it is a primary halo or a subhalo. Part (b) of Figure 4.1
shows the median concentration of halos as a function of mass at four different redshifts.
The filled triangles show that there is a dependence of c on mass at the current epoch.
The pentagons and hexagons show that the concentration at earlier epochs did not
depend on the mass of the halos. This can be understood if we look at a low mass halo
created at some large redshift. If this halo only accretes a little it is still a low mass halo
today. Therefore its scale radius will not have changed much but its virial radius will
have extended a lot since the cosmic density has been diminished. This leads to a high
concentration of the low mass halo at the current epoch and explains the vertical rise
from the hexagons to the triangles at very low masses in part (b) of Figure 4.1. If on the
other hand the initial low mass halo have accreted a lot of mass over time it is likely
due to mergers of other similar mass objects. In these cases violent relaxation will have
lowered the halos scale radius ending up with a lower concentration at the current epoch.
This explains the right side of part (b) in the figure.
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4.3

Internal halo dynamics

Halos have proven to be slowly rotating triaxial systems. In a study from 2005 Bailin
and Steinmetz studied the shapes and angular momenta of halos in a ΛCDM n-body
simulation [7]. They found that halos are indeed triaxial systems with ratios
b/a :

0.75 ± 0.15

c/a :

0.6 ± 0.1

where a, b and c are the main, intermediate and shortest axis of the system respectively.
Furthermore they found a strong tendency of the minor axis to point perpendicular to
the filaments of the large scale structure. A consequence of this is that the major and
intermediate axis have a tendency to point in the direction of the filaments.
For the angular moments of the simulated halos Bailin and Steinmetz found that the
angular momentum vectors tend to align with the minor axes with a mean misalignment
of about 25◦ . Comparing the alignment of the angular momentum vector with the mass
of the halo reveals that halos of galaxy mass tend to have an angular momentum vector
pointing parallel to filaments while halos with masses of groups or clusters have a strong
tendency to have an angular moment vector pointing perpendicular to the filaments. This
result suggests that the mass growth of group and cluster halos comes from a history of
very intense mergers along the filaments while the accretion of galaxy mass halos have
been a lot smoother.
In addition of the triaxiality and angular momentum of the halos there are also subhalos
inside the primary halos. Typically these contain a few percentages of the total mass of
the primary halo. Back in 2004 Gao et al. did a study on subhalo populations of dark
matter halos based on n-body simulations[8]. They were able to concluded a number of
things. Among these the most important ones are
1. The subhalo populations of different halos vary with mass of the primary halo. On
average massive halos contain more subhalos than low mass halos. Subhalos in a
high mass halo also contain a larger fraction of the mass of the primary halo.
2. At a given halo mass, subhalos are more abundant in halos with lower concentration
or halos recently formed.
3. The radial distribution of subhalos within their parent halo is much less than that
of dark matter. There is no significant dependence of the radial profile on the mass
of the subhalos and only a weak dependence on the mass of the primary halo.
4. Most subhalos in present-day halos fell into their primary halos very recently. Only
about 10% were accreted earlier than z = 1 and 70% were accreted at z < 0.5.
5. Subhalos seen near the center of primary halos typically fell in earlier and retain a
smaller fraction of their original mass than subhalos seen near the edge.
The above results suggests a relatively simple picture for the evolution of subhalo
populations.
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5

Used software
This chapter briefly introduces the concepts of the software used in this project to
compute the simulation and identify the halos created within the simulation.

5.1

GADGET

As explained in the previous chapter cosmological simulations play a very important role
in understanding the formation of structure. Simulations are the only way to compute
accurate predictions in the non-linear regime of gravitational dynamics.
In the pursuit of studying the formation of dark matter halos in the large scale
structure the cosmological simulation code Gadget-2 has been used for this project. It is
an abbreviation for GAlaxies with Dark matter and Gas intEracT [9]. The code simulates
a collisionless fluid through the N-body method. This method has its name from the
challenge of efficiently carrying out calculations of a system of N particles in which each
particle interacts with all other particles according to a set of the laws of physics.
The first version of the code was aimed at galaxy collisions and interactions, for serial
computers only. The second version that I have used, features a lot of improvements
including a new time integration model.
In a cosmological simulation it is desirable to deal with a large number of particles
each with a very low mass so we are able to model the structure within a singe halo at a
high resolution. At the same time we want to simulate a large volume so we obtain a
reasonable representation of a universe. These requirements lead to a very huge number
of particles in the simulation.
It is assumed that the only appreciable interaction between the simulated dark matter
particles is gravity. This means that what acts on one particle is the combined gravitational
field of the remaining particles. The direct summation of gravitational forces is O( N 2 )
operations. It is obvious that this approach requires a lot of processing power especially
when simulating in the range of 106 to 101 0 particles. This is the reason why Gadget-2 is
not just using straightforward N-body calculations.
In stead of a direct summation of particle-particle interactions Gadget-2 has the
structure of a tree code. In this approach the gravitational interactions are computed
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with a hierarchical multipole expansion. The collisionless dark matter is represented
by particles in this approach. In a tree code particles are divided into small cells in
a recursive subdivision of space. This allows the gravity to be calculated as a single
multipole force. When the forces are summed we no longer need N − 1 elements per
particle as in the direct summation approach but only O(log N ) interactions between the
cells as estimated by V. Springel [9].
The output of a Gadget simulation is a series of snapshots. These correspond to a
specific time (redshift) and contain various information about all the particles such as
positions and velocities.

5.2

AMIGA

There are to parts when it comes to simulating the formation of structure in the universe.
First there is the actual simulation as described in the previous chapter. Second it is
important to be able to analyze the data from the simulation. For this purpose I have used
AMIGA’s halo finder (AHF). AMIGA is an acronym for Adaptive Mesh Investigations of
Galaxy Assembly. A detailed description of the algorithm can be found in [10]. This is
just a brief description of the principles behind AHF.
The input given to AHF is either a specific Gadget snapshot or a series of snapshots.
In an analysis with redshift as a variable it will be preferable with a series of snapshots.
The purpose of AHF is to identify halos formed in a cosmological N-body simulation.
This is done in a hierarchical way as showed in Figure 5.1. In this example figure AHF
has identified seven halo centres. The blue one is the host halo, the purple is a sub halo
of the host and the pink is a subhalo of the purple and a sub-sub halo of the host.
After having identified a halo AHF calculates the virial radius of the halo and removes
the particles that lie outside this radius. AHF saves information of both host halos, sub
halos and sub-sub halos. At the point where all halos from a specific Gadget snapshot
are identified it is possible to perform an analysis of the properties of the halos formed
in the simulation. This is the purpose of the following chapter.

Figure 5.1: A schematic from AHFs users guide on how AHF identifies host halos,
subhalos and even sub-sub halos.
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6

Results
This chapter sums up the results of the study on the virialization of dark matter halos in
the large scale structure. First, consider Figure 6.1 that contains two plots.
Part (a) is a two dimensional plot of the three dimensional initial conditions given
to Gadget. It is possible to see some small density perturbations that will eventually
end up as filaments in the large scale structure. The initial conditions contain a total of
1283 particles at a redshift of z = 49 in a box with side length 128 Mpc/h. The density
parameter in units of the critical density at z = 0 is defined as
Ωm,0 = 0.273
ΩΛ,0 = 0.727.
The density of matter is assumed to be completely contributed by dark matter, so there
is no ordinary baryonic matter in the simulation. The density of dark matter and dark
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Figure 6.1: (a) a plot initial conditions used in Gadget. (b) a plot of the final snapshot of
the Gadget simulation. Side length of the plots are 128 Mpc/h.
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energy adds to unity which ensures a flat universe as desired by the Benchmark Model.
Part (b) shows a two dimensional plot of the final snapshot of the simulation at z = 0.
Here the large scale structure is evident.
Running AHF on a given snapshot file gives a long list of halos and the associated
particles. Apart from identifying halos and the associated particles AHF is also capable
of calculating various properties of the halos including both the kinetic and potential
energy. These are calculated using all particles in each halo and are given in units of
M (km/s)2 /h. Using Equation 3.46 on page 15 is a straightforward way of calculating
the degree of a halos virialization. Two times the kinetic energy of a halo plus the
potential energy of the halo gives a number in the units M (km/s)2 /h. The closer to
zero the higher the degree of virialization of the halo.
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Figure 6.2 shows a plot of two different halos at redshift z = 0. They consist of (a)
4331 and (b) 3616 particles which are somewhat comparable masses. The geometric
centre and centre of mass are highlighted as a black and a red dot respectively. The
deviation from virialization is for (a) and (b) respectively 5.2559 × 1019 M (km/s)2 h−1
and 5.3308 × 1018 M (km/s)2 h−1 . That is a difference of one magnitude which suggests
that halo (a) might have been formed at some later time than halo (b) so it has had a
shorter time to virialize. The virial radius of the two halos are respectively (a) 1425 kpc/h
and (b) 1341 kpc/h. The distance from the geometric centre to the centre of mass of the
two halos are respectively (a) 190 kpc/h and (b) 137 kpc/h. Looking at the ratio between
the virial radii and the distance between the two centres we get for (a) ∼ 1/7 and for (b)
∼ 1/10. It makes good sense that the lighter halo has a smaller virial radius compared
to the heavier one. Because the lighter halo has a higher degree of virialization than the
heavier one the particles in the light halo have been dissipated to a greater extend leading
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Figure 6.2: A plot of two halos both at redshift z = 0. (a) consisting of 4331 particles
and (b) consisting of 3616 particles. It is easy to see that the lighter halo is virialized
to a greater extend than the heavier one. The geometric centre and centre of mass are
highlighted as a black and a red dot respectively.
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to a homogeneous distribution of mass which in the end brings the centre of mass closer
to the geometric centre of the halo. However these are not general conclusions for all
halos in the simulation since this would demand an in depth investigation of these
properties among all halos as individuals.
In Figure 6.3 is a plot that shows the deviation from virialization of all identified halos
at z = 0.111. The solid black line is a second order polynomial fit to the halos. This
plot shows how the degree of virialization of halos at different redshifts are going to be
compared later on in this chapter. If one just plots series of blue dots as in Figure 6.3 for
different redshifts on top of each other it would be very difficult to compare. Plotting
only the tendency (the second order polynomial) of the halos virialization as a function
of mass at each redshift gives a much clearer picture. Table 6.1 on the following page is
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Figure 6.3: Deviation from virialization of halos at z = 0.111. The blue dots are halos
and the solid black line is a second order polynomial fit to the halos.
connected to the plots in Figure 6.4 on page 31. The table shows the number of halos
identified at a corresponding redshift. The nine cases presented in the table are selected
parts of different redshifts during the simulation chosen to be used for the final plot
in Figure 6.4 on page 31. From the table it is seen that the number of halos peak at
a redshift of approximately z = 0.1. This is consistent with the transistion from the
matter dominated epoch to the epoch dominated by dark energy where the formation of
structure stops and the formed halos gets more and more virialized. The drop in number
of halos after z = 0.1 is likely caused by mergers among halos.
Figure 6.4 on page 31 shows the polynomial tendencies of the deviation from virialization of halos at different redshifts as introduced in Figure 6.3. The solid blue line
representing z = 1 is almost impossible to see. It coincides with the line representing
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Number halos
898
1060
1194
1183
1145
1191
1162
1151
1127

Redshift
1
0.667
0.4286
0.25
0.2048
0.1111
0.0526
0.0101
0

Table 6.1: List of number of halos found by Amiga in at a given redshift. Each line in the
table corresponds to a line in Figure 6.4 on the facing page.

z = 0.25, but the largest halo at z = 1 contains just about 1000 particles. From z = 1
to z = 0.1111 it is evident that increasingly larger halos are formed. It is obvious that
particularly large halos do not exist at early times since these have not had sufficient
time to collapse yet. Therefor there are only light halos at the high end of the redshifts.
Looking at the virialization of the halos the lightest ones have had a long time to form
and virialize and these are therefore almost at equilibrium with a zero deviation from
the virial theorem. Looking at the heaviest halos these are formed at redshifts smaller
than z = 0.25. These halos start out with extremely large deviations from virialization
revealing large internal kinetic energies. From z ≈ 0.1 to z = 0 the heavy halos undergo
a great deal of virialization.
The results in Figure 6.4 on the next page are in agreement with the theory of structure
formation. Although little curiosity appears when comparing z = 0.1111 with z = 0.0526.
It looks as if the heaviest halos break apart during this time interval. Understanding the
theory of structure formation this behaviour doesn’t make any sense. Fortunately the
answer can be found in Figure 6.3 on the preceding page. It is only a polynomial tendency
that has been plotted to represent the halos at a given redshift. Looking at Figure 6.3
there is a dominance of light halos meaning the polynomial fit is poorly defined for
massive halos. At a redshift of z = 0.1111 there exist only three halos containing more
than 3000 particles. These three halos can either virialize further, consume additional
particles or merge with other halos. The first case will obviously lead to a lower deviation
from virialization and the two latter cases will lead to a more massive probably less
virialized halo. Depending on which of these three tings happens to the massive halos
the fitted polynomial will change to some extend.
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Figure 6.4: A plot of the deviation from virialization of halos at different redshift. Each
line corresponds to a specific redshift ie. a Gadget snapshot.
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Conclusion
As mentioned in Section 3.2 it is important to understand the process of virialization
of galaxies in the universe. One specific example is when using observations of X-ray
clusters to determine both the halo concentration and the virial mass. In this case the
observed objects are assumed to be completely virialized. If one wants to make these
kind of assumptions about objects in the universe it implies understanding the process of
virialization. Another example is the case of the NFW density profile used to characterize
halos. This profile fits halos that are assumed to be both spherical and virialized again
implying the knowledge of how halos virialize.
The results of this project shown in Figure 6.4 on page 31 are consistent with that
expected for the evolution of halos with respect to virialization. We have seen that light
halos are primarily formed at early times and heavy halos are formed only at later times.
There is now a clear picture of the virialization of a halo compared to its mass and how
the tendency of the halos virialization change through time.
However this project is not perfect meaning there is room for further studies. One
aspect that could be interesting to investigate is the evolution of the individual halos.
What has been done in this project is just to compare the total ensemble of halos at
different redshifts. On that basis it is not possible to conclude anything for the halos
as individuals as mentioned in connection with Figure 6.2 on page 28. It would be
interesting to identify a halo in an early snapshot and follow it through the remaining
snapshot evaluating its properties such as degree of virialization and density profile
along the line of evolution. Another thing is that the simulation in this project ended
out with very few heavy halos as shown in Figure 6.3 on page 29. Thus limiting the
conclusion of the halos virialization to be only qualitative. This could be improved by
running a simulation with a higher density of particles in the initial conditions which
would favor the formation of heavy halos.
Summing up my work on this project it has been it has been an interesting experience
getting to know the dynamics of halos and I would enjoy investigating the properties
further as proposed in the paragraph just above.
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